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Abstract
The fixed-point spectrum of a locally compact second countable
group G on ℓp is defined to be the set of p ≥ 1 such that every action
by affine isometries of G on ℓp admits a fixed-point. We show that this
set is either empty, or is equal to a set of one of the following forms :
[1, pc[, [1, pc[\{2} for some 1 ≤ pc ≤ ∞, or [1, pc], [1, pc]\{2} for some
1 ≤ pc <∞. This answers a question closely related to a conjecture of
C. Drutu which asserts that the fixed-point spectrum is connected for
isometric actions on Lp(0, 1).
We also study the topological properties of the fixed-point spectrum
on Lp(X,µ) for general measure spaces (X,µ), and show partial results
toward the conjecture for actions on Lp(0, 1). In particular, we prove
that the spectrum FL∞(X,µ)(G, π) of actions with linear part π is either
empty, or an interval of the form [1, pc] (pc ≥ 1) or [1,∞[, whenever
π is an orthogonal representation associated to a measure-preserving
ergodic action on a finite measure space (X,µ).
1 Introduction
Group actions on Banach spaces is a large topic related to many areas of
mathematics : group cohomology, Kazhdan’s property (T ), fixed-point prop-
erties. In [BFGM], Bader, Furman, Gelander and Monod studied group
actions by isometries on Banach spaces. In particular, they gave results
concerning property (FLp(0,1)), the fixed-point property for group actions
by affine isometries on the space Lp([0, 1], λ) (abbreviated Lp(0, 1)), where
p ≥ 1 and λ denotes the Lebesgue measure. Among other results, they show
that a locally compact second countable group with the fixed-point prop-
erty (FLp(0,1)) has the Kazhdan’s property (T ) when p ≥ 1, and that these
∗The second author was supported by ERC Grant no. 306706.
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properties are equivalent when 1 ≤ p ≤ 2 (see Theorem A and Theorem 1.3
in [BFGM]).
Some groups are known to have property (FLp(X,µ)) for all p ≥ 1 and
all standard measure space (X,µ): a more general result states that higher
rank groups have property (FLp(M)) for all p ≥ 1 and all von Neumann
algebra M (see Theorem B in [BFGM], Theorem 1.6 in [O], and [LS] for a
stronger result). See also [M1] and [M2] where analog results are established
for universal lattices SLn(Z[x1, ..., xk]) (n ≥ 4).
On the other hand, there exist Kazhdan groups which do not have prop-
erty (FLp(0,1)) for some p > 2. For instance, hyperbolic groups (and among
them co-compact lattices in Sp(n, 1) have property (T )) admit a proper ac-
tion by affine isometries on ℓp, as well as on Lp(0, 1), for p large enough (see
[Yu] and [Ni]).
The main motivation of this article is the following conjecture of C.
Drutu : for all topological group G, there exists pc ≥ 1 such that G has
property (FLp(0,1)) for 1 ≤ p < pc, and G does not have property (FLp(0,1))
for p > pc (see Question 1.8 in the introduction of [CDH]). It seems that
this question has its root in an older questin by M. Gromov (see [G] D.6
p158). We introduce the following set and we use a similar terminology as
in [No].
Definition 1 Let (X,µ) be a standard Borel measure space, and let G be
a topological group. The set
FL∞(X,µ)(G) = { p ≥ 1 | G has property (FLp(X,µ)) }
is called the fixed-point spectrum of G (for affine isometric actions) on
Lp(X,µ)-spaces.
We use the notation FL∞(X,µ)(G) since it makes sense in a more general
context, that is for actions on non-commutative Lp-spaces; in that case
L∞(X,µ) is replaced by a general von Neumann algebra M, and the fixed-
point spectrum is denoted by FM(G).
The conjecture of C. Drutu can be rephrased as follows : the set FL∞(0,1)(G)
is connected for all group G. Our first main result is an answer to the same
question, when replacing ([0, 1], λ) by a discrete measure space. We denote
by ℓ∞ the space of all bounded infinite sequences of complex numbers, and
ℓp the subspace of p-summable sequences in ℓ
∞.
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Theorem 2 Let G be a locally compact second countable group. Then one
of the following equalities holds :
- Fℓ∞(G) = ∅;
- Fℓ∞(G) = [1, pc[ for some 1 ≤ pc ≤ ∞;
- Fℓ∞(G) = [1, pc] for some 1 ≤ pc <∞;
- Fℓ∞(G) = [1, pc[\{2} and 2 < pc ≤ ∞;
- Fℓ∞(G) = [1, pc]\{2} and 2 < pc <∞.
So the spectrum Fℓ∞(G) can be empty, an interval, or the union of two
disjoint intervals : we will show that these three situations can occur, de-
pending on the group G considered.
Let us now consider the case of the fixed-point spectrum for actions on
general Lp(X,µ)-spaces. We refer to the following section 2 for more de-
tails about facts and definitions related to isometric group representations
on Lp-spaces. Let 1 ≤ p < ∞, p 6= 2. Let π
p : G → O(Lp(X,µ)) be an
orthogonal representation. There is a natural family (πq)q≥1 of orthogonal
representations πq : G → O(Lq(X,µ)) associated to π
p, namely the conju-
gate representations of πp by the Mazur maps Mp,q. Such representations
πq, 1 ≤ q < ∞, will be called (BL) representations in this paper, in order
to distinguish this class of representations from other possible classes of or-
thogonal representations in the case q = 2 (see section 2.1 below for more
details). Then we can define the fixed-point spectrum for affine isometric
actions with linear parts (πq)q≥1 as
FL∞(X,µ)(G, (π
q)q≥1) = { q ≥ 1 | H
1(G,πq) = {0} }
where H1(G,πq) is the first cohomology group of G with coefficients in πq
(see section 2.3 for a definition). For simplicity in notations, we will denote
FL∞(X,µ)(G, (π
q)q≥1) by FL∞(X,µ)(G,π
p) for p 6= 2 (but this set does not
depend on p). In the sequel, we will say that πp is measure-preserving (resp.
ergodic) if the associated action on (X,µ) is measure-preserving (resp. er-
godic). We say that πp is positive if πp(g)f ≥ 0 for all g ∈ G and all f ≥ 0,
f ∈ Lp(X,µ).
The following theorem describes the form of the spectra FL∞(X,µ)(G,π)
relative to measure-preserving ergodic actions.
Theorem 3 Let G be a second countable locally compact group. Let (X,µ)
be a finite measure space, and π : G → O(Lp(X,µ)) be a (BL) measure-
preserving ergodic representation. Then we have:
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- The spectrum FL∞(X,µ)(G,π) is an interval or is empty.
- If G has property (T ), the spectrum FL∞(X,µ)(G,π) is an interval of the
form [1, pc] or [1,∞[ for some pc > 2.
Theorem 3 is in contrast with the following well-known fact (detailed
in section 5.2): if G does not have property (T ), there exists some (BL)
measure-preserving ergodic representation ρ : G → O(Lp(X,µ)) such that
FL∞(X,µ)(G, ρ) is empty.
Theorems 2 and 3 give evidence toward C. Drutu’s conjecture. Other
partial results in that direction are proved in the paper, concerning topolog-
ical properties of the fixed-point spectrum. We discuss general arguments
for closeness (resp. openness) of fixed-point spectra in section 3 (resp. sec-
tion 5.1). Moreover, we use recent results from [BN] about deformation of
cohomology to show the connectedness of spectra FL∞(0,1)(G,π) under some
additional assumptions on G and π.
The paper is organized as follows. In section 2, we recall general facts
and results we will need about isometric group actions on Lp-spaces. In
section 3, we show general results concerning the closeness of the fixed-
point spectrum. Section 4 is devoted to the proof of Theorem 2. In section
5, we prove various partial results toward a proof for the conjecture of C.
Drutu concerning the case of Lp(0, 1).
Acknowledgements : We are grateful to U. Bader, B. Bekka, T. Ge-
lander and B. Nica for useful comments on a preliminary version of this
paper. We also thank E. Ricard for an interesting discussion. Both authors
wish to thank the Technion, where most of this work was achieved, for the
good atmosphere and working conditions.
2 Isometric group actions on Lp(X, µ)-spaces
In this section, we recall some general definitions and properties of linear and
affine isometric actions on Lp(X,µ)-spaces. Let G be a topological group,
and (X,µ) be a standard Borel measure space.
2.1 Orthogonal representations on Lp(X, µ)
Let 1 ≤ p < ∞, p 6= 2, and denote by O(Lp(X,µ)) the group of bijective
linear isometries of the space Lp(X,µ). By a theorem of Banach and Lam-
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perti, elements in O(Lp(X,µ)) are the linear maps U : Lp(X,µ)→ Lp(X,µ)
described as follows :
Uf(x) = h(x) (
dϕ ∗ µ
dµ
(x))1/p f(ϕ(x)) (∗)
where h : X → C is a measurable function of modulus one, and ϕ : X → X
is a µ-class-preserving bijective transformation. In the particular case where
(X,µ) is a discrete measure space, then ϕ is a permutation of the countable
set X.
An orthogonal representation π of the group G on Lp(X,µ) is a group
homomorphism π : G → O(Lp(X,µ)) such that the maps g 7→ π(g)f are
continuous on G for all f ∈ Lp(X,µ). Then the set of π(G)-invariant vectors
is denoted by Lp(X,µ)
π(G). When p > 1, we have the following π(G)-
invariant decomposition of the space Lp(X,µ) :
Lp(X,µ) = L
π(G)
p ⊕ L
′
p(π)
where L′p(π) = { f ∈ Lp | ∀h ∈ L
π∗(G)
p′ , < f, h >= 0 } is the annihilator
of the G-invariant vectors for the contragradient representation π∗ : G →
O(Lp′) of π, p
′ = p/(p− 1) (see Proposition 2.6 and section 2.c for more de-
tails in [BFGM] ). Then one can consider the restriction π′ : G→ O(L′p(π)).
When p = 1, the analog of the previous representation is the representation
π′ : G → O(L1/L
π(G)
1 ), obtained from π by composing with the quotient
projection. If the context is clear, we will keep the notation π in place of π′
in the sequel.
When p = 2, the isometry group O(L2(X,µ)) contains much more ele-
ments than those described by formulae (∗) in the Banach-Lamperti theo-
rem. Orthogonal representations given by formulae (∗) will play a central
role in our study. To distinguish them from the others (when p = 2), they
will be called (BL) orthogonal representations in the sequel.
Let π : G → O(Lp(X,µ)) be a (BL) orthogonal representation. We will
say that π is measure-preserving if the corresponding action of G on (X,µ)
is µ-preserving, equivalently if the associated Radon-Nikodym derivative is
equal to 1 almost everywhere. By Banach’s description of the isometries
of ℓp, all (BL) representations on the space ℓp are measure-preserving (see
section 2 in [BO] for details).
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2.2 The Mazur map
A very useful tool to study Lp-spaces and their representations is the Mazur
map. Here we recall the definition and some well-known properties of this
map. The proof of the basic properties of the Mazur map can be found in
Chapter 9.1 of [BL].
Let 1 ≤ p, q ≤ ∞. The map
Mp,q : Lp(X,µ)→ Lq(X,µ)
f = sg(f)|f | 7→ sg(f)|f |p/q
is called the Mazur map. It induces a uniformly continuous homeomor-
phism between the unit spheres of Lp(X,µ) and Lq(X,µ). More precisely,
it satisfies the following estimates for 1 ≤ p < q <∞ :
||Mp,q(x)−Mp,q(y)||q ≤ Cp,q||x− y||
θp,q
p (1)
for all x, y ∈ S(Lp(X,µ)), where the constant Cp,q only depends on p, q (the
opposite inequalities hold when q < p), and θp,q = min(1,
p
q ).
Here we make an important remark for our proofs. Assume that we have
a sequence (pn)n of real numbers in [1,∞[ which converges to p ≥ 1. Then
we can find a constant C > 0 (independant of n) such that inequalities (1)
hold for all Mazur maps Mp,pn , Mpn,p when replacing Cp,pn and Cpn,p by C.
This fact can be deduced from the proof of Theorem 9.1 in [BL].
Let L0(X,µ) be the closure of L
∞(X,µ) with respect to the measure topol-
ogy. Then it is well-known that L0(X,µ) contains Lp(X,µ) for all p ≥ 1.
Moreover, the following inequalities hold when p < q :
||Mp,q(x)−Mp,q(y)||q ≤ ||x− y||
p/q
p for all x, y ∈ L0(X,µ), x, y ≥ 0 (2).
The previous inequalities for the Mazur maps hold in a much more general
context, that is for Mazur maps on non-commutative Lp-spaces : we refer
to [R] for complete proofs in this general context.
Now assume p 6= 2, and let πp : G → O(Lp(X,µ)) be an orthogonal
representation of G on Lp(X,µ). Then the formulae
πq(g)x = (Mp,q ◦ π
p(g)) ◦Mq,p)x for all g ∈ G,x ∈ Lq(X,µ) (3)
define an orthogonal representation πq : G → O(Lq(X,µ)), by the descrip-
tion of O(Lp(X,µ)) of Banach-Lamperti theorem.
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A sequence (fn)n in a Banach space F is said to be a sequence of almost
invariant vectors for an orthogonal representation π : G→ O(F ) if ||fn||F =
1 and
lim
n
||π(g)fn − fn||F = 0 uniformly on compact subsets of G.
It is well known that a group G admits a sequence of almost invariant
vectors for the representation (πp)′ if and only if it admits a sequence of
almost invariant vectors for (πq)′, whenver 1 ≤ p, q < ∞ (see section 4.a in
[BFGM]).
2.3 Affine isometric actions on Lp(X, µ)
Denote by Isom(Lp(X,µ)) the group of affine bijective isometries of Lp(X,µ).
An affine isometric action of G on Lp(X,µ) is a group homomorphism
α : G → Isom(Lp(X,µ)) such that the maps g 7→ α(g)f are continuous
for all f ∈ Lp(X,µ). Then we have
α(g)f = π(g)f + b(g) for all g ∈ G, f ∈ Lp(X,µ)
where π : G → O(Lp(X,µ)) is an orthogonal representation, and b : G →
Lp(X,µ) is a 1-cocycle associated to π, that is a continuous map satisfying
the following relations :
b(gh) = b(g) + π(g)b(h) for all g, h ∈ G.
Given an orthogonal representation π and a cocycle associated to π, we will
sometimes use the notation α = (π, b) to denote the affine representation
whose linear part is π, and translation part is b. We denote by H1(G,π)
the first cohomology group with coefficients in π, that is the quotient of the
space of 1-cocycles associated to π, by the subspace of 1-coboundaries (a
coboundary is a cocycle of the form b(g) = f−π(g)f for some f ∈ Lp(X,µ)).
We recall that an affine isometric action of G on Lp(X,µ) has a fixed-
point if and only if the associated cocycle b : G → Lp(X,µ) is a bounded
map (see Lemma 2.14 in [BFGM] for p > 1, and [BGM] for p = 1). The
action is said to be proper if limg→∞ ||b(g)||p = ∞. A topological group G
is said to have the fixed-point property (FLp(X,µ)) if every action by affine
isometries of G on Lp(X,µ) admits a fixed-point, that is H
1(G,π) = {0} for
all orthogonal representation π : G→ O(Lp(X,µ)).
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A locally compact second countable group G is said to have property
(TLp(X,µ)) if for any orthogonal representation π : G → O(Lp(X,µ)), the
restriction of π on L′p(π) or L1/L
π(G)
1 , has no sequence of almost invariant
vectors. Recall the following fact due to Guichardet (see [BFGM] section
3.a for a proof) : if an orthogonal representation π : G→ O(Lp(X,µ)) of a
second countable group G has a sequence of almost invariant vectors for (π)′,
then H1(G,π) 6= {0}. We will use the latter argument in the sequel, and
also an important consequence of this: property (FLp(X,µ)) implies property
(TLp(X,µ)) (these results hold in a much more general context: see Theorem
1.3 in [BFGM]).
In the case where the group G is second countable and generated by a
compact subset Q ⊂ G, an orthogonal representation π : G → O(Lp(X,µ))
without any sequence of almost invariant vectors in Lp(X,µ)
′ satisfies the
following condition : there exists ǫ > 0 such that for all x ∈ Lp(X,µ)
′,
ǫ||x||p ≤ ||x− π(g)x||p for some g ∈ Q.
When p = 2 and the previous condition holds for all orthogonal representa-
tions π : G→ O(L2(X,µ)), the pair (Q, ǫ) is called a Kazhdan pair.
3 About the closeness of the fixed-point spectrum
A possible way to show that the fixed-point spectrum FL∞(X,µ) is an inter-
val containing 1, is to study closeness and openness properties of this set
in [1,∞[. In this section, we show closeness results for FL∞(X,µ)(G,π). To
prove this, we use a limit-version of a well-known fact about almost invari-
ant vectors for (BL) representations, which is interesting in its own right
(Proposition 5 below).
We begin with some general facts concerning isometric actions on Lp-
spaces.
Lemma 4 Let 1 ≤ p, pn < ∞, pn 6= 1, be such that limn pn = p. Let G
be a topological group. Let (X,µ) be a standard Borel measure space. Let
πp : G → O(Lp(X,µ)) be a (BL) orthogonal representation. Then there
exists C > 0 and N such that for all n ≥ N , we have
d(Mpn,pf, Lp(X,µ)
πp(G)) ≥ C for all f ∈ S(Lpn(X,µ)
′(πpn)).
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Proof For f ∈ S(L′pn(π
pn)), the following inequalities hold (see Proposi-
tion 3.5 in [O]) :
d(f, Lπ
pn(G)
pn ) ≥ 1/2 for all n.
Notice that L
πp(G)
p =Mpn,p(L
πpn (G)
pn ). If the result does not hold, there exist
fn ∈ S(L
′
pn(π
pn)) and an ∈ L
πpn(G)
pn such that
lim
n
||Mpn,pfn −Mpn,pan||pn = 0.
Recall that the constant C in estimates (1) from section 2.2, applied to
Mpn,p, can be made independant of n since limn pn = p. Hence the latter
inequalities and the convergence to 0 above contradict the fact that
d(fn, L
πpn(G)
pn ) ≥ 1/2 for all n.

The following proposition is a limit-version of a well-known fact about
almost invariant vectors for (BL) representations (see the end of section 2.2).
Proposition 5 Let 1 ≤ p, pn <∞,pn 6= 1, be such that limn pn = p. Let G
be a second countable topological group. Let (X,µ) be a standard measure
space. Let πp : G → O(Lp(X,µ)) be a (BL) orthogonal representation.
Assume that, for all n, there exists fn ∈ S(Lpn(X,µ)
′(πpn)) such that
lim
n
sup
g∈Q
||fn − π
pn(g)fn||pn = 0
for all compact subsets Q ⊂ G. Then there exists a sequence of almost
invariant vectors for πp in Lp(X,µ)
′(πp).
Proof Let Q ⊂ G be a compact set. Define hn =Mpn,pfn ∈ S(Lp(X,µ))
for n ∈ N. As in the previous lemma, we can choose C for the estimates of
the Mazur maps Mpn,p, independant of n. Then we have
lim
n
sup
g∈Q
||hn − π
p(g)hn||p = 0. (∗)
Now by Lemma 4, there exists C ′ > 0 such that d(hn, L
πp(G)
p ) ≥ C ′ holds
for all n large enough.
In the case where p > 1, consider vn the projection of hn on the complement
subspace L′p(π
p). Since ||vn||p ≥ C
′ for n large enough, the uniform conver-
gence (∗) on compact subsets holds when replacing hn by vn/||vn||p. Hence
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(vn/||vn||p)n is a sequence of almost invariant vectors for π
p with values in
L′p(π
p).
For p = 1, we consider vn the projection of hn on the quotient space
F = L1/L
πp(G)
1 . Then ||vn||F ≥ C
′, and the sequence vn/||vn||F is a se-
quence of almost invariant vectors for the representation (π1)′ : G→ O(F ).

Now we show a closeness property for some sets FL∞(X,µ)(G,π). Our
proof requires two important assumptions : the monoticity of (Lp(X,µ))p
for the inclusion, and the representation π to be measure-preserving.
Proposition 6 Let 1 ≤ p, pn < ∞, pn 6= 1, be such that limn pn = p.
Assume that Lp(X,µ) ⊂ Lpn(X,µ) for all n, and that limn ||f ||pn = ||f ||p
for all f ∈ Lp(X,µ). Let G be a topological group. Let π
p : G→ O(Lp(X,µ))
be a (BL) measure-preserving orthogonal representation. Assume also that
H1(G,πpn) = {0}.
Then we have
H1(G,πp) = {0}.
Proof Let b : G → Lp(X,µ) be a cocycle associated to π
p. Let n ∈ N.
Since by assumption Lp(X,µ) ⊂ Lpn(X,µ) and π
p is measure-preserving,
b defines also a cocycle for the representation πpn . Then there exists fn ∈
Lpn(X,µ) such that
b(g) = fn − π
pn(g)fn for all g ∈ G.
Notice that we can assume that fn ∈ L
′
pn(π
pn) for all n, without loss of
generality. We claim that (||fn||pn)n is bounded. To prove this, we assume
the contrary and we show that (πp)’ has a sequence of almost invariant vec-
tors, which is not possible by assumption. Take a subsequence of (||fn||pn)n
which tends to ∞ (and use the same notation for the subsequence). Let
Q ⊂ G be a compact subset. Since limn ||b(g)||pn = ||b(g)||p for all g ∈ G,
for n large enough we have
sup
q∈Q
||
fn
||fn||pn
− πpn(g)
fn
||fn||pn
||pn =
supg∈Q ||b(g)||pn
||fn||pn
≤ 2
supg∈Q ||b(g)||p
||fn||pn
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and the right-hand side of the inequality tends to 0 as n tends to ∞. By
Proposition 5, there exists a sequence of almost invariant vectors for (πp)′.
Hence by a general argument recalled in section 2.2, the representation (πpn)′
admits a sequence of almost invariant vectors as well. This contradicts the
vanishing of H1(G,πpn).
Then there exists C > 0 such that ||fn||pn ≤ C for all n ∈ N. Let g ∈ G.
We have
||b(g)||p = lim
n
||b(g)||pn ≤ 2C.
Hence the cocycle b : G→ ℓp is bounded in ℓp. 
4 The fixed-point spectrum for actions on ℓp
This section is divided in two parts. In the first part, we prove Theorem 2.
Then in the second part, we discuss property (Fℓp) and exhibit examples of
groups G for each form of possible fixed-point spectra Fℓ∞(G) listed in the
statement of Theorem 2.
4.1 Proof of Theorem 2
Theorem 2 is a direct consequence of Proposition 7, which we state and
prove after a few useful remarks.
Let π : G → O(ℓp) be a (BL) orthogonal representation. Write ℓp =
ℓp(X) and decompose X = X
′ +X ′′ where X ′ is the union of the finite or-
bits of the G-action, and X ′′ the union of the infinite orbits. In the sequel,
we will make use of the decomposition of π as π = π′ ⊕ π′′ with respect to
the decomposition ℓp(X) = ℓp(X
′)⊕ ℓp(X
′′).
We make the following observation :
H1(G,π) = {0} ⇔ H1(G,π′) = {0} and H1(G,π′′) = {0}.
Hence Fℓ∞(G,π) is an interval of the form [1, pc] or [1, pc[ for some pc ≥ 1
if and only if the two following conditions hold:
(i) Fℓ∞(G,π
′) is an interval [1, p′c] or [1, p
′
c[ for some p
′
c ≥ 1;
(ii) Fℓ∞(G,π
′′) is an interval [1, p′′c ] or [1, p
′′
c [ for some p
′′
c ≥ 1.
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In the sequel, we will denote by |π| the positive part of the representation
π, defined by |π|(g)f = |π(g)f | for all g ∈ G, and all f ∈ ℓp, f ≥ 0.
For technical reasons, we are not able to prove that Fℓ∞(G,π) is an
interval for all representations π (but for positive representations, we do).
Nevertheless, the following Proposition 7 shows a very close result to the
connectedness of all Fℓ∞(G,π), and this result clearly implies Theorem 2.
Notice that when a group G is not compactly generated, then Fℓ∞(G) is
empty: for any p ≥ 1, such a group does not have property (Tℓp) (see [BO]),
nor property (Fℓp) by well-known results.
Proposition 7 Let G be a second countable group generated by a compact
set Q. Let π : G→ O(ℓp) be a (BL) orthogonal representation. Let π
′, π′′ be
defined as in the previous discussion. Then we have:
(i) Fℓ∞(G,π
′) = [1, p′c] or [1, p
′
c[;
(ii) Fℓ∞(G,π
′′) ∩ Fℓ∞(G, |π
′′|) = [1, p′′c ] or [1, p
′′
c [.
Before giving the proof of Proposition 7, we start with a simple lemma.
Lemma 8 Let 1 ≤ p < q. Let πp : G → O(ℓp) be a (BL) orthogonal
representation without non-zero invariant vectors. Assume that
H1(G,πq) = {0} and H1(G, |πp|) = {0}.
Then we also have
H1(G,πp) = {0}.
Proof Let b : G → ℓp be a cocycle for π. By assumption, there exists
x ∈ ℓq such that
b(g) = x− π(g)x for all g ∈ G.
For all a, b ∈ C, we have
||a| − |b|| ≤ |a− b|,
and the following inequalities follow for all g ∈ G :
|||x| − |πp|(g)|x|||p ≤ ||b(g)||p.
Hence the left handside defines a cocycle for |πp| with values in ℓp. By
assumption, there exists y ∈ ℓp such that
|x| − |πp|(g)|x| = y − |πp|(g)y for all g ∈ G.
Since ℓp = ℓ
′
p(π
p), we have |x| = y, and then x ∈ ℓp. 
Now we are able to prove Proposition 7.
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Proof of Proposition 7 (i) We show that for 1 < p < q, H1(G, (πq)′) =
{0} implies H1(G, (πp)′) = {0}. The case p = 1 is a straightforward conse-
quence of Proposition 6.
Let b : G → ℓp(X ′) be a cocycle associated to π′. By assumption, there
exists x ∈ ℓq such that
b(g) = x− π(g)x for all g ∈ G.
Notice that we can assume that x ∈ ℓ′q without loss of generality. We
decompose X ′ = ⊔i≥0Xi in (finite) orbits, and write x = ⊕ixi in ℓq(X
′) =
⊕iℓq(Xi). From the definition of the complement ℓ
′
q (see section 2.1), it is
clear that xi ∈ ℓq(Xi)
′ for all i.
Since π′ has no sequence of almost invariant vectors, there exists ǫ > 0 such
that
ǫ||f ||p ≤ ||f − π(g)f ||p for all f ∈ ℓ
′
p(π
′), g ∈ Q.
Define un = ⊕i≤nxi ∈ ℓ
′
q. Then we have for all g ∈ Q, and all n,
ǫ||un||p ≤ ||un − π(g)un||p
≤ ||b(g)||p
≤M
where we denoteM = supg∈Q ||b(g)||p. Hence the sequence (un)n is bounded
in ℓp by M/ǫ.
On the other hand, we have
lim
n
||un − π(g)un − b(g)||p = 0 for all g ∈ G.
Then for g ∈ G, we have
||b(g)||p = lim
n
||un − π(g)un||p
≤ 2M/ǫ.
So the cocycle b is bounded in ℓp, and the proposition is proved.
(ii) Let 1 ≤ p < q. We assume that q ∈ Fℓ∞(G,π
′′)∩Fℓ∞(G, |π
′′|). Then
we need to show that p ∈ Fℓ∞(G,π
′′) ∩ Fℓ∞(G, |π
′′|). By lemma 8, it is
sufficient to show that H1(G, |(πp)′′|) = {0}.
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Let b : G → ℓp(X
′′) be a cocycle associated to |(πp)′′|. By assumption,
there exists x ∈ ℓq such that
b(g) = x− |π′′|(g)x for all g ∈ G.
On the one hand, we have for all g ∈ G,
|||x| − |π′′|(g)|x|||p ≤ ||x− |π
′′|(g)x||p.
On the other hand, estimates (2) for the Mazur maps in section 2.2 imply
the following inequalities for all g ∈ G :
||Mp,q(|x|)− |π
′′|(g)Mp,q(|x|)||q ≤ |||x| − |π
′′|(g)|x|||p.
Hence the formulae Mp,q(|x|) − |π
′′|(g)Mp,q(|x|), g ∈ G, define a cocycle
associated to |π| with values in ℓq. By assumption, there exists y ∈ ℓq such
that
Mp,q(|x|)− |π
′′|(g)Mp,q(|x|) = y − |π
′′|(g)y for all g ∈ G.
SinceX ′′ has only infinite orbits for the G-action, there is no non-zero π′′(G)-
invariant vector in ℓq. Hence we have |x| = Mq,py. It follows that x ∈ ℓp
and the proposition is proved. 
As a particular case of the previous proofs, we have the following result.
Corollary 9 Let G be a second countable group, and p ≥ 1. Let π :
G → O(ℓp) be a (BL) orthogonal positive representation. Then Fℓ∞(G,π)
is empty, or is an interval of the form [1, pc[ (pc ≤ ∞) or [1, pc] (pc <∞).
4.2 More about property (Fℓp)
Now we give examples of groups G for which the fixed-point spectrum
Fℓ∞(G) is the union of two intervals [1, pc[\{2} (pc > 2). We recall the
following well-known relationships between properties (T ), (Tℓp) and (Fℓp):
(Fℓp)⇒ (Tℓp) for all p ≥ 1,
(T )⇒ (Fℓp)⇒ (Tℓp) for 1 ≤ p ≤ 2.
Property (Tℓp) was studied in [BO]. In particular, it was shown that
in the class of connected groups, groups having property (Tℓp) are the ones
with compact abelianization (see Corollary 3 in [BO]). We now show that
the latter groups also have property (Fℓp).
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Theorem 10 Let G be a locally compact second countable group. Assume
that G is connected. Then the following assertions are equivalent :
(i) G has property (Fℓp);
(ii) G has property (Tℓp);
(iii) the abelianised group G/[G,G] is compact.
Proof We only have to show the implication (iii) ⇒ (i). Since G is
connected, the orbits of a continuous action of G on a countable infinite
discrete set X are singletons. Hence a (BL) representation on ℓp(X) is
a direct sum of continuous unitary characters. So we have to show that
H1(G,π) = {0} for every orthogonal representation π : G → O(ℓp) of the
form
π =
⊕
i∈I
χi
where every χi is a continuous character on G. Let π =
⊕
i∈I χi be such a
representation. Let H =
⋂
i∈I Ker(χi) be the kernel of the homomorphism
ϕ : G→
∏
i∈I
S1
g → (χi(g))i∈I .
Denote by N = [G,G] and p : G → G/N the quotient projection. Notice
that, since N ⊂ H, π(n) = id for all n ∈ N and ℓ
π(N)
p = ℓp. So π factorizes
through G/N as π = ρ ◦ p. As a consequence of the Hoschild-Serre spectral
sequence, we have the following exact sequence :
H1(G/N, ρ)→ H1(G,π)→ H1(N, 1N )
G/N .
To finish the proof, it suffices to notice thatH1(G/N, ρ) = {0} andH1(N, 1N ) =
{0}. Indeed, since G/N is compact, we have H1(G/N, ρ) = {0}. Moreover,
H1(N, 1N ) = Hom(N, ℓp) = {0} since ℓp is commutative and N = [G,G].

Remark 11 (i) The exact sequence in the previous proof was already used
in [BMV] to obtain results concerning the cohomology (and the reduced
cohomology) associated to the regular representation. In particular, it is
shown that the reduced ℓp-cohomology H
1
p(Γ, λΓ) vanishes if and only if
p ≤ e(Γ) for some lattices Γ in rank one groups and some critical exponent
e(Γ) explicitly defined (see Theorem 2 and the discussion which follows its
statement). Such a result suggests that the critical point pc should belong
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to the fixed-point spectrum Fℓ∞(G,π), or at least to its analog defined via
reduced cohomology.
(ii) Other examples which suggest that the set Fℓ∞(G,π) is closed can be
found in [B] ( see Remark 4 in section 1.6, and Remark 3 in section 2.4 ).
Question 12 Does pc always belong to Fℓ∞(G,π) when the fixed-point
spectrum is non-empty and π is a positive (BL) representation ?
The following examples show that the the fixed-point spectrum can have
one or two connected components when it is not empty.
Examples 13 (i) For instance, the group SL2(R) does not have property
(T ), but has property (Fℓp) for all p 6= 2 by the previous theorem. So we
have Fℓ∞(SL2(R) = [1,∞[\{2}.
(ii) The group SL2(Ql) (where Ql is the field of l-adic numbers) has property
(Tℓp) (see Exemple 9 in [BO]). On the other hand, SL2(Ql) is known to act
on a tree without fixed point. Hence it does not have property (Fℓp) for
any p ≥ 1 (see [BHV] section 2.3 p.87 for instance). So property (Tℓp) is
stricly weaker than property (Fℓp). Moreover, G = SL2(Ql) is an example
of a group such that Fℓ∞(G) is empty.
(iii) Any group G with property (T ) has a spectrum Fℓ∞(G) of the form
[1, pc[ or [1, pc] for some pc > 2.
Question 14 Does there exist a second countable non-Kazhdan totally dis-
connected group which has property (Fℓp) for some (all) 1 < p < 2 ?
5 Fixed-point spectrum for actions on Lp(X, µ) as-
sociated to non-atomic measure spaces (X, µ)
This section is devoted to the study of connectedness properties for FL∞(X,µ)(G)
for general measure spaces (X,µ). We give partial results concerning C.
Drutu’s conjecture asserting that FL∞(0,1)(G) is connected.
5.1 Openness of the spectrum FL∞(G)
The openness of FL∞(0,1)(G) at 2 is a well-known fact, due to Fisher and
Margulis. Their argument uses a limit action on an ultraproduct of Lp-
spaces, which we recall briefly in this section. Then we explain how it is
used to show some openness properties relative to the fixed-point spectrum
Fℓ∞(0,1)(G). We refer to the survey [H] for more details on ultraproducts of
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Banach spaces.
We now recall the construction of the ultraproduct space of Lp-spaces in
the context which is relevant for our purpose : we will use the ultraproduct
of Lpn(X,µ)-spaces over the same measure space (X,µ), but such that (pn)n
is a sequence of real numbers converging to p ≥ 1.
Let 1 ≤ p, pn < ∞ be real numbers such that limn pn = p. Let (X,µ)
be a measure space. Fix a non-principal ultrafilter U on N. We recall the
construction of the ultraproduct (affine) space of the Lpn(X,µ)-spaces with
marked points xn ∈ Lpn(X,µ). The latter affine space is defined as
(xn)n + (Lpn)U = (xn)n + (
∏
n
Lpn)∞/N
where
(
∏
n
Lpn)∞ = { (fn)n | sup
n
||fn||pn <∞ },
and
N = { (fn)n ∈ (
∏
n
Lpn)∞ | ||(fn)n||U = 0 } for ||(fn)n||U := lim
n,U
||fn||pn .
An ultraproduct of Banach lattices is still a Banach lattice. Moreover, the
norm ||.|| on (Lpn)U is clearly p-additive since limn pn = p. Hence by the
generalized Kakutani representation theorem, (Lpn)U is isometrically iso-
morphic to Lp(Y, ν) for some measure space (Y, ν).
Let G be a locally compact group generated by a compact subset Q ⊂ G.
Let αn = (πn, bn) be affine isometric actions of G on the spaces Lpn(X,µ).
In the sequel, the diameter of a set X is denoted by diam(X). Under the
assumption that diam(αn(Q)xn) is bounded for all n, we can define an iso-
metric affine action α on the affine space (xn)n + (Lpn)U by the following
formulae :
α(g)(xn) + (fn)U = (xn)n + (αn(g)xn − xn + πn(g)fn)n
for all (fn)U ∈ (Lpn)U and all g ∈ G. This is not clear that the limit action
needs to be continuous when G is only assumed to be locally compact. We
will discuss this issue later in this section.
Theorem 15 (Margulis/Fisher section 3.c in [BFGM]) Let G be a locally
compact second countable group. Assume G has property (T ). Then the
fixed-point spectrum FL∞(0,1)(G) contains a neighborhood of 2.
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We now sketch the proof of this theorem as it is given in section 3.c in
[BFGM], since we will need some variation of it in the sequel.
Proof Let Q ⊂ G be a compact generating set. The theorem is a conse-
quence of the following claim.
Claim : there exists C > 0, ǫ > 0 such that for all q ∈ (2 − ǫ, 2 + ǫ), for all
affine isometric action α on Lq(0, 1), and for all x ∈ Lq(0, 1), there exists
y ∈ Lq(0, 1) such that:
||x− y||q ≤ Cdiam(α(Q)x)
diam(α(Q)x) ≤ diam(α(Q)y).
From the claim, it is very easy to show that G has property (FLq(0,1)) (see
[BFGM]).
To prove the claim, we assume the contrary and show that this con-
tradicts the fact that G has property (T ). Hence we assume that there
exists a sequence of reals (pn)n converging to 2, a sequence (xn)n with
xn ∈ Lpn(0, 1), and affine isometric actions αn = (πn, bn) on Lpn(0, 1) such
that diam(αn(Q)xn) = 1 and
diam(αn(Q)y) ≥ 1/2 for all y ∈ B(xn, C × n) (∗) .
Then we define a limit action α on the ultraproduct affine space (xn)n +
(Lpn(0, 1))U , as recalled in the previous discussion. Since limn pn = 2, the
limit space is an affine Hilbert space and condition (∗) implies that α has
no G-fixed-point, contradicting property (T ).
For completeness of the proof, we add a few remarks about the continu-
ity of the limit action. As said before there is no reason for the limit action
to be continuous (see the Example 16 below) when G is a non-disrete locally
compact group.
Nevertheless, one can restrict the action α to some well-chosen closed sub-
space H0 of the Hilbert limit space, in order to have α|H0 continuous. This
method was used in section 4 of [CCS] and details can be found there. We
only recall how the subspace H0 is obtained.
For n ∈ N and f ∈ Cc(G), one can define an affine map αn(f) : Lpn → Lpn
by the formulae
αn(f)x =
∫
G
f(g)αn(g)x dg for all x ∈ Lpn .
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Moreover, we have α(f)(xn)U ∈ H for all (xn)U ∈ H and all f ∈ Cc(G).
Then take an approximate identity (fk)k in L1(G) with supports in a com-
mon compact neighborhood of the identity K ⊂ G, and we define
H0 = { x ∈ H | lim
k
||α(fk)x− x|| }.
One can chooseK such thatH0 does not depend on the approximate identity
we choose. Then one can show that H0 is a α(G)-invariant closed subspace
of H, and that the maps G→H0, g 7→ α(g)x are continuous for all x ∈ H0.

The following example shows that the continuity of the limit action in
the above proof does not hold in the whole limit space in general.
Example 16 Let G be a non-discrete topological group. Let U be an ul-
trafilter on N. We define H = (R)U to be the ultrapower of copies of
R along U . On the n-th copy of R, define the orthogonal representation
πn : G→ O(L2(R)) by
πn(a)f(x) = f(x+ na) for all n ∈ N, a, x ∈ R and f ∈ L2(R).
Now take π the natural limit action (which acts by linear isometries) on H
associated to the actions πn. Denote also by f the diagonal embedding of
f := χ[0,1], the indicator function of [0, 1], in H. It is easily checked that,
for all a 6= 0, we have
||π(a)f − f || = 2.
Hence the limit action π is not continuous on H.
For countable groups G, one can show the openness of the fixed-point
spectrum FL∞(0,1)(G) in [1,∞[.
Proposition 17 Let G be a finitely generated group. Then FL∞(0,1)(G) is
open in [1,∞[.
The proof of this result is also based on Margulis/Fisher construction. In this
proof, two arguments require the group G to be countable : the continuity
of the limit action, as discussed previously; and the restriction of an arbi-
trary Lp(Y, ν) limit space on which G acts on, to the classical Lp(0, 1) space.
Proof Let p ≥ 1 and assume that G has property (FLp(0,1)). The proof
goes as the proof of Theorem 15, replacing 2 by p. To prove the claim, we
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assume the contrary as previously, and we obtain an unbounded isometric
affine action α = (π, b) of G on a space isometrically isomorphic to Lp(Y, ν)
for some measure space (Y, ν). By Lemma 7.2 in [NP], there exists an
isometric affine action α′ = (π′, b′) on Lp(0, 1) such that ||b(g)||p = ||b
′(g)||p
for all g ∈ G. Hence the action α′ is unbounded as well, and this contradicts
property (FLp(0,1)). 
5.2 Fixed-point spectrum associated to measure preserving
ergodic actions on finite measure spaces
As a consequence of the following proposition, the fixed-point spectrum
FL∞(X,µ)(G,π) is an interval when the measure µ is finite, and the repre-
sentation π is measure-preserving and ergodic.
Proposition 18 Let 1 ≤ p < q < r < ∞. Let (X,µ) be a Borel standard
measure space such that µ is finite. Let πp : G → O(Lp(X,µ)) be a (BL)
measure-preserving ergodic representation. Assume that
H1(G,πp) = {0},
and
H1(G,πr) = {0}.
Then we have also
H1(G,πq) = {0}.
The proof follows the same lines as the proof for actions on ℓp.
Proof Notice that we have Lr(X,µ) ⊂ Lq(X,µ) ⊂ Lp(X,µ).
Let b : G → Lq(X,µ). Since π = π
p is measure-preserving, b defines a
cocycle with values in Lp(X,µ). By assumption, there exists f ∈ Lp(X,µ)
such that
b(g) = f − πp(g)f for all g ∈ G.
Triangle inequalities imply the following inequalities for all g ∈ G:
|||f | − |π|(g)|f |||q ≤ ||b(g)||q <∞.
Now we apply estimates (2) from section 2.2 with q < r, and |f | to obtain:
|||f |q/r − |π|(g)|f |q/r ||r ≤ |||f | − |π|(g)|f |||
q/r
q <∞.
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Hence the left hand-side of the previous inequality defines a cocycle with
values in Lr, which is a coboundary by assumption. Since the action of G
on (X,µ) is ergodic we can write:
|f |q/r = c+ h
where c is a constant function, and h ∈ Lr(X,µ)
′. Then we have |f |q/r ∈
Lr(X,µ), that is f ∈ Lq(X,µ). 
Now the proof of Theorem 3 is an easy consequence of Proposition 18.
Proof of Theorem 3 Let π : G→ O(Lp(X,µ)) be a measure-preserving
ergodic on (X,µ) finite. By Proposition 18, the set FL∞(X,µ)(G,π) is empty
or is an interval. When the fixed-point spectrum is non-empty, it is closed
on the right by proposition 6.
If G has property (T ), we know that the set F(G) contains an interval of the
form [1, q[ for some q > 2 (see Theorem 15 from section 5.1, and Theorem
1.3 in [BFGM]). Combined with our Proposition 18, the set FL∞(X,µ)(G,π)
is an interval of the form [1, pc] or [1,∞[ for some pc > 2. Hence the theorem
is proved. 
When G does not have property (T ) and p ≥ 1, one can construct a
(Gaussian) finite measure space (X,µ) endowed with an action of G such
that :
- the action of G on (X,µ) is measure-preserving;
- the restriction of the associated representation ρp to L′p(ρ
p) admits a se-
quence of almost invariant vectors.
Thus by the usual Guichardet argument, we have
H1(G, ρp) 6= {0}.
In particular, we have FL∞(X,µ)(G, ρ) = ∅.
The construction of (X,µ) above is due to Connes and Weiss, and details
are explained in [BHV] (Theorem 6.3.4). See also section 4.c in [BFGM], for
the proof of the statement related to almost invariant vectors.
The openness of the set FL∞(X,µ)(G,π) would imply FL∞(X,µ)(G,π) =
[1,∞[, when G has property (T ). Unfortunately, we could not derive an
analog of Proposition 17 for a fixed-point spectrum restricted to measure-
preserving actions.
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Question 19 If π is a measure-preserving ergodic (BL) representation on
a finite measure space (X,µ), and if G has property (T ), do we always have
FL∞(X,µ)(G,π) = [1,∞[ ?
5.3 Some results for non-measure preserving actions under
additional assumptions
For a non-measure preserving representation but under some boundedness
assumptions, we can use a result from [BN] about cohomology of deforma-
tions to show that the spectrum FL∞(X,µ)(G,π) is connected.
Let G be a topological group, and let (X,µ) be a standard Borel mea-
sure space. Let πp : G → O(Lp(X,µ)) (1 ≤ p < ∞) be a (BL) orthogonal
representation. The use of the theorems from [BN] requires some additional
assumptions on the group G and the representation πp considered, namely :
G is finitely presented, and the second cohomology H2(G,πp) is reduced. We
refer to [BN] for the relevant definitions and discussion on these assumptions.
Assume that G is generated by a finite set S. A representation ρ : G→
B(Lp(X,µ)) of G into the group of bounded linear operators B(Lp(X,µ))
is said to be an ǫ-deformation of πp in the sense of [BN] if
sup
s∈S
sup
||f ||p=1
||πp(s)f − ρ(s)f ||p ≤ ǫ.
For g ∈ G, denote by d(g∗µ)dµ the Radon-Nikodym derivative which appears
in the Banach-Lamperti description of the isometry πp(g). The conjugate
representations (πq)q≥1 are a family of deformation of π
p, and their defor-
mations can be controlled whenever the Radon-Nikodym derivative d(g∗µ)dµ is
bounded for all g ∈ G (see Example 9 in [BN]). Then we have the following
result.
Proposition 20 Let G be a finitely presented group with property (T ). Let
(X,µ) be a standard Borel measure space, and let πp : G → O(Lp(X,µ))
(1 ≤ p < ∞) be a (BL) orthogonal representation. Assume that H2(G,πp)
is reduced, and that d(g∗µ)dµ ∈ L
∞(X,µ) for all g ∈ G. Then FL∞(X,µ)(G,π
p)
is open.
If moreover H2(G,π) is reduced for all unitary representations π of G,
then the fixed-point spectrum FL∞(X,µ)(G,π
p) is closed. Hence in that case,
FL∞(X,µ)(G,π
p) is connected.
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Proof Fix a finitely generated set S of G. We have the following inequal-
ity
||πr(s)f−πq(s)f ||p ≤ ||1−(
d(s ∗ µ)
dµ
)1/q−1/p||∞ for all f ∈ S(Lp(X,µ)), s ∈ S.
And the right hand-side of the inequality tends to 0 as q tends to r ≥ 1 since
the Radon-Nikodym derivative d(s∗µ)dµ is bounded for all s ∈ S.
Notice that FL∞(X,µ)(G,π
p) is not empty since G has property (T ). Let
r ∈ FL∞(X,µ)(G,π
p). Then by the first part of Theorem 4 in [BN], there
exists ǫ = ǫ(G,πp) such that H1(G,πq) = {0} whenever q is ǫ-close to r.
Hence the openness of FL∞(X,µ)(G,π
p) at r is clear from the inequalities
above.
By the second part of Theorem 4 in [BN], when H2(G,π) is reduced for
all unitary representations of G, there exists ǫ = ǫ(G) independant of
πp such that H1(G,πq) = {0} whenever q is ǫ-close to r. Then the set
FL∞(X,µ)(G,π
p) is closed at r as well. 
As pointed out in [BN], automorphisms of thick buildings are examples
of groups which have vanishing of higher cohomology with coefficients in
unitary representations (see Theorem B in [DJ]). So our Proposition 20
applies to such groups and their (BL) representations whose Radon-Nikodym
derivatives satisfy the boundedness assumption. The following corollary is
a straightforward consequence of Theorem 15, Proposition 20, and the well-
known fact that property (T ) is equivalent to property (FLp(0,1)) for all
1 ≤ p ≤ 2.
Corollary 21 Let G be a finitely presented group with property (T ). As-
sume that H2(G,π) is reduced for all unitary representations π of G. Then
the fixed-point spectrum FL∞(0,1)(G,π
p) is an interval of the form [1, pc[ or
[1, pc] for some 2 < pc <∞.
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